Math 220 - Calculus f. Business and Mgmt - Worksheet 41-42

Solutions for Worksheet 41-42 - Multivariable Functions and Partial Derivatives
Exercise 1:

The cost to produce products A and B is C(a, b) = 3000 + 5a + 6b°. If the current production is 10 of a and 20
of b, answer the following questions:

la) What is the current cost?

1b) How much will cost increase by making 1 more of product A?
1c¢) How much will cost increase by making 1 more of product B?
Solution to #1:

Solution to #1a: Current cost (for a = 10 and b = 20) is
(C(10,20) =3,000+5-10+6-400 = |5,450

There are two ways to interpret questions b and c:
First interpretation: We look at the differences C'(11,20) — C(10,20) and C(11,20) — C(10, 20):
First solution to #1b: Cost increase in a is

C(11,20) — C(10,20) =3,000 +5- 11+ 6 - 400 — 3,000 — 5 - 10 — 6 - 400

=5-11-5-10 =

First solution to #1c: Cost increase in b is
C(10,21) — C(10,20) =3,000+5-10+6-21-21 — 3,000 —5-10—6-20-20

= 6(441 — 400) =

Second interpretation: We look at the instantaneous rates of change with respect to A and B, i.e., C,(10, 20)
and C3(10,20):

Second solution to #1b: Cost increase in «a is

oC
Cola,b) = 5 (a,b) = 04+54+0 = (y(10,20) =

da
Second solution to #1c: Cost increase in b is

aC
Cy(a,b) = 5p(a,b) = 0+0+12b = Cp(10,20) = 12-20 =

Note: If you look back at exercises 1 and 3 in worksheet 19 (using the marginals to approximate a change
in function values) then you see that wks 19, #1 corresponds to #1b of the current exercise: the function is
linear in the variable under consideration, hence the approximation using the marginals is exact. On the
other hand, wks 19, #3c corresponds to #1c of the current exercise: the function is NOT linear in the variable
under consideration, hence the approximation using the marginals has an error.



Exercise 2:

Find and plot the domains of these functions:

2a.z/y, 2b.2%y, 2c (3x+4y)/(2x—5y), 2d.vz+y, 2e. In(zy—1).

Solution to #2a: We are not allowed to divide by zero. Hence Dy = {(z,y) : —oo < = < oo,y # 0}. (all
points not on the x-axis)

Solution to #2b: Square roots must be non-negative. Hence Dy = {(z,y) : —oo < z < o0,y = 0}. (all points
above and including the z-axis)

2z
Solution to #2c: We must have 2z — 5y # 0. Hence Dy = {(z,y) : —00 < 2 < 00,y # 3 }.

5
Note that Dy = {(z,y): —00 <y < 00,z # Ey}
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Figure 1: Domain for #2c

Solution to #2d: We must have z + y =2 0. Hence Dy = {(z,y) : —00 < 2 < 00,y 2 —2.
Note that Dy = {(z,y): —00o <y < 00,2 2 —y }.

Solution to #2e: We must have xy — 1 > 0. Hence

Dy = {(z,y) rxy > 1} = {(m,y):x>0andy>%} U{(x,y):x<0andy<%}
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Figure 2: Domains for #2d, #2e



Exercise 3:

Find the first derivatives of the cost equation in problem 1. Evaluate the derivatives at ¢ = 10 and b = 20.
Compare your answers to the answers in parts b and c of problem 1.

Solution to #3:

oC
C(a,b) = 3000+ 5a + 6b*> ~ C,(a,b) = %(mb) =5 ~ (,(10,20) = 5

oC
Ch(a,b) = Z(a,b) = 12b ~ C)(10,20) = 240

We note that there is a close relationship between the change in cost for an additional unit and the derivative
with respect to that type of unit but not exact equality.

Exercise 4:

Find the partial derivatives f, and f, of the following functions:

da. f(z,y) =22 +4xy® — 6y, 4b. f(z,y) = e“In(y), 4c f(z,y) = (32° — 5zy)(4lnx),
3x2y? — 623

T2 a4 = 53T

4d. f(x,y) = (6e¥)(3zy* — 22%y?), de. f(z,y) =

ag. f(x,y) = In(5zy + 32% — 2y*).

Solution to #4a:
fo = 4x + 4y?; fy = 122y% — 12y.
Solution to #4b:
xr ex
fa :e"ln(y); fy = ?

Solution to #4c: The product rule becomes (uv),; = u,v + v, for 9/0x:

fe = (62 —5y)(4Inz) + (32% — bxy) 1

— = 4(6x = by) - Inx + 43z — 5y);
fy = (=5y)(4Inz).

Solution to #4d: We use the product rule to compute f:

fr =6e¥ - (3y* — day?); f, = 6eY(3y* — dwy®) + 6eY(122y° — 4a?y).
Solution to #4e: The quotient rule becomes (u/v), = (uzv — uv,)/v? for 9/0x and (u/v), = (uyv — uvy)/v?
for 9/0y:

(6zy? — 1822) - (bzy +4y) — (32%y? — 623) - (5by)

Jo = (5zy +4y)?
B 62%y) - (5ry + 4y) — (32%y? — 623) - (5x + 4)
fu = (5ay + 4y)*



Solution to #4f: We use the chain rule for both f; and f:

fz 26512—3y+710x; fy — 6512_3y+7(_3).

Solution to #4g: We use the chain rule for both f, and f,:

5y + 6z 5z — 8y3

Ja :5xy+3332—2y4; fo = S5xy + 3x2 — 2y*’

Exercise 5:

Find all four second derivatives of the following functions:

5a. f(x) =5x"y3, 5b. f(z) = In(62? — 2°).

Solution to #5a:

fo =352%%  fon = 2102%y%  fu, = 1052%y%
fy = 15277 fe = 1052%°%  f,, = 30z7y;

We note that f,, = fye.
Solution to #5b: Only the chain rule is needed for f, and f,:

12z

fo = 622 — 28 (122) (62? — 2y°) "
— 6y 2 2 3y—1

P p—— — 2

fy 622 = 27 (—6y°) (62° —2y°)

We use the quotient rule as we did in #4e for f,, and fy,:

for = 12(62% — 2y3) — (122)(122) 12(622% — 2y3) — 14427

(622 — 2y3)2 - (622 — 2y3)2
_ (—12y)(62% — 2y%) — (122)(—6y>)

vy — (63:2 _ 2y3)2 ?

The mixed partials f,, and f,, do NOT need the quotient rule because (12z) is constant in y and (—6y?) is
constant in z:

foy = (122) (=1)(62® — 2y°)7*(~6y%)
fyo = (=6y) (=1)(62® — 2y%)7*(122);

We note that f., = fya..



